Fang, Lu and Yoshikawa conjectured that the BCOV invariant for Calabi-Yau threefolds is a birational invariant. In this paper, we show that this conjecture holds for Atiyah flops. More precisely, we prove that a Calabi-Yau threefold containing a (−1, −1)-curve and its Atiyah flop possess the same BCOV invariant.
INTRODUCTION
Bershadsky, Cecotti, Ooguri and Vafa [1, 2] defined a real valued invariant for Calabi-Yau manifolds, which is now called BCOV torsion.
The BCOV invariant is another invariant for Calabi-Yau manifolds, which could be viewed as a normalization of the BCOV torsion. Fang, Lu and Yoshikawa [6] constructed and studied the BCOV invariant for Calabi-Yau threefolds. Eriksson, Freixas and Mourougane [5] extended these constructions to Calabi-Yau manifolds of arbitrary dimension.
Fang, Lu and Yoshikawa [6, Conjecture 4 .17] conjectured that the BCOV invariant for Calabi-Yau threefolds is a birational invariant (up to topological invariant). More precisely, for a pair of birationally equivalent Calabi-Yau threefolds (X 1 , X 2 ), the conjecture says that the ratio between their BCOV invariants only depends on the topology of (X 1 , X 2 ). Under certain technical conditions, Maillot and Rössler [8] showed that the ratio in question lies in a specific number field.
In this paper, we confirm the conjecture in the special case where the birational equivalence between X 1 and X 2 is a Atiyah flop. The proof is based on the author's previous paper [11] , where the author extended the BCOV invariant to Calabi-Yau pairs, i.e., a Kähler manifold equipped with a (reduced smooth) pluricanonical divisor. Now we explain the result in more detail.
Atiyah flop. Let X be a threefold. Let C ⊆ X be a curve. Let N C be the normal bundle of C ⊆ X. We assume that C ⊆ X is a (−1, 1)-curve, i.e., -C ≃ CP 1 ;
be the projections to the first and the second component. We identify E with CP 1 ×CP 1 such that f E = pr 1 . There exists a blowing down 1 and g E = pr 2 . We call X ′′ the Atiyah flop of X along C. We remark that
Main result. For a Calabi-Yau threefold X, we denote by τ (X) the logarithm of its BCOV invariant [6, Definition 4 .13] (The authors denoted the BCOV invariant by τ BCOV (X, γ) and showed that τ BCOV (X, γ) is independent of γ in [6, Theorem 4.16] ).
Theorem 0.1. For X a Calabi-Yau threefold, C ⊆ X a (−1, −1)-curve and X ′′ the Atiyah flop of X along C, we have
We briefly explain the idea of the proof of Theorem 0.1. Let f : X ′ → X be the blowing up of X along C. Let E = f −1 (C) ⊆ X ′ , which is a canonical divisor. Let τ (X ′ , E) be the extended BCOV invariant of (X ′ , E) constructed in [11] . The central step in the proof is to show that
is a universal constant depending on nothing. Once this is proved, we get
which implies Theorem 0.1.
This paper is organized as follows. In §1, we extend the BCOV invariant to certain Calabi-Yau pairs with non reduced canonical divisor. The construction is used for building the local model of the problem addressed in this paper. In §2, we prove Theorem 0.1.
Notations.
For p, q ∈ N and a complex manifold S, we denote by Ω p,q (S) the vector space of (p, q)-forms on S.
For k ∈ N and a complex manifold S, we denote by H k (S) the k-th de Rham cohomology of S with coefficients in C. For p ∈ N and a complex manifold S, we denote by Ω p S the sheaf of holomorphic p-forms on S. For p, q ∈ N and a complex manifold S, we denote H p,q (S) = H q (S, Ω p S ). If S is a compact Kähler manifold, we identify H p,q (S) with a sub vector space of H p+q (S) via the Hodge theory.
For a complex vector space V , we denote det V = Λ dim V V , which is a complex line. For a complex line λ, we denote by λ −1 its dual. For a graded complex vector space
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BCOV INVARIANT
Let X be a compact Kähler manifold of dimension n. Let K X be its canonical bundle. Let
i.e., γ is a non zero meromorphic section of K X . We assume that
Let ω be a Kähler form on X. Let g T X be the metric on T X induced by ω. Let c n T X, g T X ∈ Ω n,n (X) be the n-th Chern form of T X, g T X .
Let · ω be the norm on K X induced by ω. Set
Let c be the same Bott-Chern form as in [11, §1.1] . For k = 1, 2, set
Let τ BCOV (·, ·) be as in [11, (1.32 
(1.9)
Proof. We proceed in the same way as in the proof of [11, Theorem 2.1].
.
For z ∈ C * , we have
is well-defined and coincides with τ (X, Y 1 ) defined in [11, (2.12) ].
BLOWING UP
Let C ⊆ X be a closed sub manifold. Let i C : C → X be the canonical embedding. Let N C be the normal bundle of C ⊆ X. Let N C be the total space of N C . Let j C : C → N C be the embedding defined by the zero section of N C . We say that C ⊆ X satisfies Condition* if there exist open neighborhoods
and a biholomorphic map
such that the following diagram commutes
Proposition 2.1. If X is a threefold and C ⊆ X is a (−1, −1)-curve, then C ⊆ X satisfies Condition*.
Proof. Let f : X ′ → X be the blowing up of X along C. We denote E = f −1 (C). By [7, page 363, Satz 7, Corollar], E ⊆ X ′ satisfies Condition*. Hence so does C ⊆ X. This completes the proof.
Let X be a compact Kähler threefold. Let γ ∈ M (X, K X ) and Y 1 , Y 2 ⊆ X be as in the first paragraph of §1. Let C ⊆ X be a (−1, −1)-curve such that C ∩ Y 1 ∪ Y 2 = ∅. Let f : X ′ → X be the blowing up of X along C.
Proposition 2.2. There exists ν ∈ R such that for X, X ′ , f and γ as above, we have
Proof. The proof consists of several steps.
Step 1. We construct ν. Set
, we may view γ C as an element in M (Z, K Z ). Under the identification (2.5), we have (2.7)
Div(γ C ) = −2P N C .
Let j C : C → N C ⊆ Z be the embedding defined by the zero section of N C . Let g : Z ′ → Z be the blowing up of Z along j C (C) ⊆ Z. Set
The real number ν depends on nothing. It remains to show that
Step 2. We choose convenient Kähler forms. By Proposition 2.1, the curve C ⊆ X satisfies Condition*. Let U, U and ϕ be as in (2.1)-(2.3). Let
be the derivative of ϕ on C ⊆ U. We may assume that (2.11) T ϕ = Id ∈ H 0 (C, End(N C )) .
We also assume that there exists a norm · N C on N C such that
We identity U with a subset in Z via the identification (2.5). Set
Let ϕ ′ : U ′ → U ′ be the lift of ϕ, i.e., the following diagram commutes (2.14)
Let ω X , ω X ′ , ω Z and ω Z ′ be Kähler forms on X, X ′ , Z and Z ′ such that
Step 3. We prove that
We denote E = f −1 (C) ⊆ X ′ . We have
Although C ≃ CP 1 , we will intentionally use the notation in (2.17) in order to distinguish the two copies of
(2.19)
We have H q (E, G p ) = 0 , for (p, q) = (1, 1), (2, 2) ;
20)
Let i E : E → X ′ be the canonical embedding. For p = 1, 2, 3, we have the following short exact sequence of coherent sheaves over X ′ , [11, (1.26) ]. Taking the determinant of the long exact sequence induced by (2.21) and using the fact that
. Let λ dR (·) be as in [11, (1.28) ]. By (2.20) and (2.23), we have
be as in [11, (1.31) ], which are well-defined up to ±1. By [10, Théorème 7.31], (2.24) and (2.25), we have (2.26) σ −1 X ⊗ σ X ′ = ±τ 2 . Proceeding in the same way as in the last paragraph with X replaced by Z, we get
be as in [11, (1.31) ]. Similarly to (2.26), we have
be the Quillen metric [9] (cf. [4, Definition 1.10]) on λ p (X) associated with ω X . Let · λ dR (X),ω X be the metric on λ dR (X) induced by · λp(X),ω X .
We define · λ dR (X ′ ),ω X ′ , · λ dR (Z),ω Z and · λ dR (Z ′ ),ω Z ′ in the same way. We equip E ⊆ X ′ with the Kähler metric induced by ω X ′ . We equip G • with the Hermitian metric induced by ω X ′ . Let · λ(G • ),ω X ′ be the associated Quillen metric [9] 
(2.30)
By the fourth identity in (2.15), we have
By [11, (1. 32)], (2.30) and (2.31), we obtain (2.16).
Step 4. We show that
Let a U (γ, ω X ) be the right hand side of (1.3) with X replaced by U . We define a U ′ (f * γ, ω X ′ ), a U (γ C , ω Z ) and a U ′ (g * γ C , ω Z ′ ) in the same way. By the first line of (2.15), we have
(2.33) By the second line of (2.15), we have
By the definition of γ C (see (2.6)), (2.11) and (2.35), we have (2.36) α C = 0 .
Let g T Z (resp. g T Z ′ ) be the metric on T Z (resp. T Z ′ ) induced by ω Z (resp. ω Z ′ ). By (1.3) and (2.33)-(2.35), we have
(2.37)
Proceeding in the same way as in the proof of [11, Theorem 2.1], we see that the right hand side of (2.37) is independent of g T Z and g T Z ′ (as long as they coincide near the boundary of U).
Recall that U satisfies (2.12). For 0 < ε < 1, we denote
We define a biholomorphic map
be the lift of r ε . Let g T Z ε and g T Z ′ ε be metrics on T Z and T Z ′ such that they coincide on U\U ε . Since the right hand side of (2.37) is independent of g T Z and g T Z ′ , we have
(2.41)
Taking ε → 0 in (2.41) and applying (2.36), we get
By (2.37) and (2.42), we obtain (2.32).
Step 5. We conclude. By (1.9), (1.10) and the first identity in (2.15), we have
(2.43) By (1.9), (1.10) and the second identity in (2.15), we have τ (Z ′ , g * γ C ) − τ (Z, γ C ) = τ BCOV (Z ′ , ω Z ′ ) − τ BCOV (Z, ω Z )
(2.44) By (2.16), the second line of (2.43) is equal to the second line of (2.44). By (2.32) and the fourth identity in (2.15), the third line of (2.43) is equal to the third line of (2.44). Hence we obtain (2.9). This completes the proof.
Now let X be a Calabi-Yau threefold containing a (−1, −1)-curve C ⊆ X. Let f : X ′ → X be the blowing up of X along C. We denote E = f −1 (C) ⊆ X ′ . Let τ (X, ∅) and τ (X ′ , E) be as in [11, (2.12) ]. We remark that τ (X, ∅) = τ (X) (see the introduction of [11] ). Let ν be as in Proposition 2.2. Proof. Let γ X ∈ H 0 (X, K X )\{0}. Set γ X ′ = f * γ X ∈ H 0 (X ′ , K X ′ ). We have (2.46)
By Proposition 2.2, Remark 1.3, (2.46) and the fact that (2.47) w(X, γ X ) = χ(X) 12 = χ(X ′ ) 12 − χ(E) 24 = w(X ′ , γ X ′ ) , we obtain (2.45). This completes the proof.
Proof of Theorem 0.1. This is a consequence of Corollary 2.3.
